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1.  

(a)  

For the thin walled cylinder, it can be assumed that 𝜎! = 0. 

 

The axial stress due to internal pressure is: 

σ" =
PR
2t
=
100	 × 200
2 × 10#$

= 10	MN/m% 

[2 marks] 

Axial stress due to the axial load is: 

σ" = −
F

2πRt
= −

5	 × 10$

2π × 200 × 1 × 10#&
= −3.98	MN/m% 

[2 marks] 

So, the total axial stress is: 

σ" = 10 − 3.98 = 𝟔. 𝟎𝟐	𝐌𝐍/𝐦𝟐 

[1 mark] 

And hoop stress due to internal pressure is: 

σ( =
PR
t
=
100 × 200
10#$

= 𝟐𝟎	𝐌𝐍/𝐦𝟐 

[2 marks] 

Torsional stress is: 

τ =
Tr
J
=

10 × 200
2π × 0.2$ × 0.001

= 𝟑𝟗. 𝟕𝟗	𝐌𝐍/𝐦𝟐 

[2 marks] 
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Plane stress state of an element from the wall: 

 

[3 marks] 

 

(b) 

The centre of the Mohr’s circle: 

C =
(σ) + σ*)

2
=
20 + 6.02

2
= 13.01	MN/m% 

[1 mark] 

and the radius of the circle: 

R = JK
σ) − σ*

2
L
%
+ τ)*% = JM

6.02 − 20
2 N

%
+ 39.79% = 40.40	MN/m% 

[2 marks] 

σ+,% = C ± R = 13.01 ± 40.40	MN/m% 

[1 mark] 

Therefore, the principal stresses are: 

σ+ = 𝟓𝟑. 𝟒𝟏	𝐌𝐍/𝐦𝟐 

[2 marks] 

σ% = −𝟐𝟕. 𝟑𝟗	𝐌𝐍/𝐦𝟐 

[2 marks] 

 

20

39.79

6.026.02

20

x
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The maximum shear stress is: 

τ-.) = R = 𝟒𝟎. 𝟒𝟎	𝐌𝐍/𝐦𝟐 

[1 mark] 

 

Not to scale 

[4 marks] 

  

Mohr’s	circle

τ

σ

τmax

(20,-39.79)

(6.02,39.79)

σ1σ2
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2.  

(a)  

Free body diagram of the component: 

 

Taking moments about position C: 

𝑊 × 2ℎ = 𝑇/ × 2ℎ + 𝑇0 × ℎ 

 ∴ 2𝑊 = 2𝑇/ + 𝑇0 (1) 

[1 mark] 

 

Also, from compatibility: 

𝛿/ = 2𝛿0 

as shown in the following diagram: 

 

 ∴
𝑇/ × 𝐿
𝐸𝐴

= 2
𝑇0 × 𝐿
𝐸𝐴

  

 ∴ 𝑇/ = 2𝑇0 (2) 

[1 mark] 

 

!

A

B

C
ℎ/2

ℎ

ℎ/2
%&

%'

D

!

A

B

C
ℎ/2

ℎ

ℎ/2
%&

%'

D
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Compatibility
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Simultaneously solving equations (1) and (2) gives: 

𝑻𝑨 =
𝟒
𝟓
𝑾 = 𝟖𝟎𝟎	𝐍 

𝑻𝑩 =
𝟐
𝟓
𝑾 = 𝟒𝟎𝟎	𝐍 

[3 marks] 

 

(b)  

𝛿/ =
𝑇/ × 𝐿
𝐸𝐴

+ 𝛼∆𝑇𝐿 

𝛿0 =
𝑇0 × 𝐿
𝐸𝐴

+ 𝛼∆𝑇𝐿 

where, 

𝛿/ = 2𝛿0 

[4 marks] 

Therefore, 

𝑇/ × 𝐿
𝐸𝐴

+ 𝛼∆𝑇𝐿 = 2
𝑇0 × 𝐿
𝐸𝐴

+ 2𝛼∆𝑇𝐿 

 ∴ 𝑇/ − 2𝑇0 = 𝐸𝐴𝛼∆𝑇 (3) 

 

Also, 

 2𝑊 = 2𝑇/ + 𝑇0 (4) 

[2 marks] 

Simultaneously solving equations (3) and (4) gives: 

𝑇/ =
1
5
(4𝑊 + 𝐸𝐴𝛼∆𝑇) =

1
5
(4000 + 240) = 𝟖𝟒𝟖	𝐍 

and, 

𝑇0 = 2(𝑊 − 𝑇/) = 2(1000 − 848) = 𝟑𝟎𝟒	𝐍 

[4 marks] 
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(c)  

Slacking:  

𝑇0 = 0 

[4 marks] 

Therefore, from equation (3): 

𝑇/(= 𝑊) = 𝐸𝐴𝛼∆𝑇 

∴ 1000 = 200,000 × 12 × 10#& × ∆𝑇 

∴ ∆𝑇 = 416	°C 

𝑇!3456 = 416	°C − 100	°C = 𝟑𝟏𝟔	°𝐂 

[6 marks] 
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3.  

 

𝐼 =
𝑏𝑑$

12
=
16 × 18$

12
= 7,776	mm7 

 

(a)  

From beam bending equation: 

𝜎h =
𝑀𝑦h
𝐼
=
205,000 × 9

7,776
= 237.27	MPa 

[1 mark] 

Since 𝜎 > 𝜎8, plastic deformation will occur. 

 

[2 marks] 

 

16

18 ! !
"	 = 195	GPa

+

,
-. 210	MPa

!	(18	mm)

(

−(O

Section of the 
beam in bending

Stress distribution 
through the beam 

cross section

Cross section of 
the beam

Variation of stress with y: 
• For a < , < 15, . = 210	MPa
• For −a < , < (, . = 456

7 ,	MPa
• For −15 < , < −(, . = −210	MPa

210	MPa
(.,)

−210	MPa
(−.,)

8	(16	mm):

;

:

<
=> >
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Moment equilibrium: 

(Balance the moments due to stresses in the elastic and plastic regions with the applied moment) 

𝑀 = m 𝑦𝜎𝑑𝐴
/

= m 𝑦𝜎𝑏𝑑𝑦

9
%:

#9
%:

 

[2 marks] 

Due to the symmetry of the stress distribution, this can be rewritten as: 

𝑀 = 2m 𝑦𝜎𝑏𝑑𝑦

9
%:

;

 

[1 mark] 

Substituting the elastic and plastic terms for 𝜎 into this: 

𝑀 = 2nm𝑦
210
𝑎
𝑦𝑏𝑑𝑦

3

;

+ m 𝑦(210)𝑏𝑑𝑦

9
%:

3

p = 2 × 210𝑏nm
𝑦%

𝑎
𝑑𝑦

3

;

+m 𝑦𝑑𝑦

9
%:

3

p 

= 420𝑏 qr
𝑦$

3𝑎
s
;

3

+ r
𝑦%

2
s
;

9
%:

t = 420𝑏 qu
𝑎$

3𝑎
v + w

K𝑑 2x L
%

2
−
𝑎%

2 y
t 

∴ 𝑀 = 420𝑏 z
𝑑%

8
−
𝑎%

6
{ 

[2 marks] 

Substituting the values of 𝑏, 𝑑 and the applied moment, 𝑀, into this: 

205,000 = 420 × 16 z
18%

8
−
𝑎%

6
{ 

∴ 𝑎% = 59.964 

∴ 𝑎 = ±√59.964 = ±7.744	mm 

[2 marks] 
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Stress state in beam: 

(Assuming the same material properties in compression as in tension) 

 

[5 marks] 

 

(b)  

Assuming all unloading is elastic: 

𝑀
𝐼
=
𝜎
𝑦 M
=
𝐸
𝑅N

 

∴
∆𝑀
𝐼
=
∆𝜎
𝑦

 

[2 marks] 

Max change in stress (∆𝜎) will occur at 𝑦	 = 	𝑦<3=	(= ±9	mm). 

∴ ∆𝜎<3=6> =
∆𝑀 × 𝑦<3=

𝐼
=
−𝑀 × 𝑦<3=

𝐼
=
−205,000 × ±9

7,776
= ∓237.27	MPa 

i.e.: 

𝑎𝑡	𝑦 = 9	mm, ∴ ∆𝜎<3=6> = −237.27	MPa 

𝑎𝑛𝑑	𝑎𝑡	𝑦 = −9	mm, ∴ ∆𝜎<3=6> = 237.27	MPa 

[1 mark] 

7.744

−7.744

210	MPa
(-.)

−210	MPa
(−-.)

0

1

9

−9
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[2 marks] 

Residual stress is well below yield (210 MPa), so reverse yielding does not occur. At 𝑦 = 7.744	mm, no plastic 
deformation occurs during loading and unloading. 

 

Compatibility: 

Beam bending equation:  

𝑀
𝐼
=
𝜎
𝑦
=
𝐸
𝑅

 

∴
𝑦
𝑅
= 𝜀 K=

𝜎
𝐸
L 

 ∴ 𝑅 =
𝑦
𝜀

 (1) 

[1 mark] 

𝜎 − 𝜀 relationship: 

At 𝑦 = 𝑎 (outermost elastic point), the elastic relation, 𝜎 = 𝐸𝜀 is applicable. Therefore at 𝑦 = ±7.744	(= ±𝑎): 

±𝜀!6549?3> =
±𝜎!6949?3>

𝐸
=

±5.68
210,000

= 2.705 × 10#@ 

[1 mark] 

27.27	MPa

5.68	MPa

−5.68	MPa

−204.32	MPa

204.32	MPa

237.27	MPa−210	MPa
(−12)

210	MPa
(12)4

5

Loading stress 
distribution

Residual stress 
distribution

(Elastic) unloading 
stress distribution

Interpolation of (elastic) unloading line: 
At 2 = 9	mm, 1 = −237.27	MPa

2 = 91 + ;
∴ 9 = m×−237.27 + 0

∴ m = −0.0379
At 2 = 7.744	mm, 7.744 = −0.0379×1

∴ 1 = −204.32	MPa

−237.27	MPa 4

5+ =

−27.27	MPa 4

5

7.744	mm

−7.744	mm
−9	mm

9	mm



Department of Mechanical, Materials & Manufacturing Engineering 
MMME2053 – Mechanics of Solids 

 
 

 
2015-2016 MM2MS2 Exam Solutions 
 

11 

Applying this to (1) gives: 

𝑅 =
𝑦	(𝑎𝑡	𝑎)

𝜀
=

7.744
2.705 × 10#@

 

∴ 𝑹 = 𝟐𝟖𝟔, 𝟐𝟖𝟒. 𝟔𝟔	𝐦𝐦 = 𝟐𝟖𝟔. 𝟐𝟖	𝐦 

[3 marks] 
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4.  

(a)  

Crack Initiation and Stage I crack Growth: Pile up of dislocations causes slip bands, creating stress concentrations 
(features). This leads to shear stress controlled transgranular cracking. This occurs on the plane on maximum shear 
(45° to the loading plane) as shown below. 

 

[3 marks] 

Stage II Crack Growth: Once the crack has reached a critical length, the stress state around the crack tip changes and 
cracks will propagate due to the maximum tensile stress (90° to the loading direction). This phase is usually 
intergranular. 

 

[4 marks] 

Failure: Failure is at a critical crack length when the structure can no longer support the applied loads and it fails due 
to ductile tearing or cleavage (brittle) fracture. 

[3 marks] 

Original metal 
surface

M
et

al
 su

rf
ac

e

Crack

Crystal Lattice

Stage I Stage II
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(b)  

 

𝑆<3= = Maximum	Stress 

𝑆<4A = Minimum	Stress 

𝑆<63A = Mean	Stress 

𝑆!3AB6 = Stress	Range = 𝑆<3= − 𝑆<4A 

𝑆3>C = Alternating	Stress =
𝑆<3= − 𝑆<4A

2
 

[5 marks] 

 

(c)  

 

[4 marks] 

From similar triangles: 

𝑆6
𝑘D𝑆?

=
𝑓𝑆3

𝑆? − 𝑓𝑆<
 

!"

!#
$%

$&

$&
'(

)$*

)$+

$*

$+

A

B
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∴ 𝑆3 =
𝑆6(𝑆? − 𝑓𝑆<)

𝑓𝑘D𝑆?
=
105(294 − 1.25 × 45)

1.25 × 2 × 294
 

∴ 𝑺𝒂 = 𝟑𝟑. 𝟗𝟔	𝐌𝐏𝐚 

[6 marks] 
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5.  

(a)  

 �𝑭𝟏𝑭𝟐
� = � 𝒌𝟏 −𝒌𝟏

−𝒌𝟏 𝒌𝟏
� �
𝒖𝟏
𝒖𝟐� 

 

[3 marks] 

where, 

𝑘 = 𝐴𝐸/𝐿 

[2 marks] 

 

(b)  

The stiffness matrix of a truss element is: 

[𝐾6] = M
𝐴𝐸
𝐿 N

�
cos% 𝜃 cos 𝜃 sin 𝜃

cos 𝜃 sin 𝜃 sin% 𝜃
−cos% 𝜃 −cos 𝜃 sin 𝜃

− cos 𝜃 sin 𝜃 − sin% 𝜃
−cos% 𝜃 −cos 𝜃 sin 𝜃

− cos 𝜃 sin 𝜃 − sin% 𝜃
cos% 𝜃 cos 𝜃 sin 𝜃

cos 𝜃 sin 𝜃 sin% 𝜃

£ 

 

Element 1, angle = 0°, cos𝜃 = 1, sin𝜃 = 0: 

[𝐾6+] = (200 × 10&) ¤
1 0
0 0

−1 0
0 0

−1 0
0 0

1 0
0 0

¥ 

[3 marks] 

Element 2, angle = 45°, cos𝜃 = 0.7071, sin𝜃 = 0.7071: 

[𝐾6%] = (200 × 10&) ¤
0.5 0.5
0.5 0.5

−0.5 −0.5
−0.5 −0.5

−0.5 −0.5
−0.5 −0.5

0.5 0.5
0.5 0.5

¥ 

[3 marks] 

Overall stiffness matrix for structure 

[𝑲] = §𝟐𝟎𝟎 × 𝟏𝟎𝟔¨

⎣
⎢
⎢
⎢
⎢
⎡
𝟏 𝟎 −𝟏 𝟎 𝟎 𝟎
𝟎 𝟎 𝟎 𝟎 𝟎 𝟎
−𝟏
𝟎
𝟎
𝟎

𝟎
𝟎
𝟎
𝟎

𝟏. 𝟓 𝟎. 𝟓 −𝟎. 𝟓 −𝟎. 𝟓
𝟎. 𝟓 𝟎. 𝟓 −𝟎. 𝟓 −𝟎. 𝟓
−𝟎. 𝟓 −𝟎. 𝟓 𝟎. 𝟓 𝟎. 𝟓
−𝟎. 𝟓 −𝟎. 𝟓 𝟎. 𝟓 𝟎. 𝟓⎦

⎥
⎥
⎥
⎥
⎤

 

[4 marks] 
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(c)  

Horizontal and vertical components of force at B: 

𝐹0! 	(𝐹3) = 20cos(−30) = 17.32	kN 

𝐹0"(𝐹4) = 20sin(−30) = −10	kN 

[1 mark] 

Overall equations: 

⎣
⎢
⎢
⎢
⎢
⎡
𝐹+
𝐹%
𝐹$
𝐹7
𝐹@
𝐹&⎦
⎥
⎥
⎥
⎥
⎤

= (200 × 10&)

⎣
⎢
⎢
⎢
⎢
⎡
1 0 −1 0 0 0
0 0 0 0 0 0
−1
0
0
0

0
0
0
0

1.5 0.5 −0.5 −0.5
0.5 0.5 −0.5 −0.5
−0.5 −0.5 0.5 0.5
−0.5 −0.5 0.5 0.5⎦

⎥
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎢
⎡
𝑢+
𝑢%
𝑢$
𝑢7
𝑢@
𝑢&⎦
⎥
⎥
⎥
⎥
⎤

 

 

Applying BCs, 𝑢+ = 𝑢% = 𝑢@ = 𝑢& = 0, reduces the problem to: 

�𝐹$𝐹7
� = (200 × 10&) ²1.5 0.5

0.5 0.5³ ²
𝑢$
𝑢7³ 

 

Applying forces: 

² 17320−10000³ =
(200 × 10&) ²1.5 0.5

0.5 0.5³ ²
𝑢$
𝑢7³ 

[1 mark] 

Therefore: 

17320 = 200 × 10& × (1.5𝑢$ + 0.5𝑢7) 

 8.66 × 10#@ = 1.5𝑢$ + 0.5𝑢7 (1) 

8.55 × 10#@ − 0.5𝑢7 = 1.5𝑢$ 

5.7733 × 10#@ − M
1
3N
𝑢7 = 𝑢$ 

−
10000
200

× 10& = 0.5𝑢$ + 0.5𝑢7 

 

Subs in for 𝑢$: 

−
10000
200

× 10& = 2.88665 × 10#@ + M
2
6N
𝑢7 
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M
2
6N
𝑢7 = −5 × 10#@ − 2.886655 × 10#@ 

∴ 𝒖𝟒 = −𝟐. 𝟑𝟔 × 𝟏𝟎#𝟒	𝐦 = −𝟎. 𝟐𝟑𝟔	𝐦𝐦 

[1 mark] 

Subs into (1): 

𝑢$ =
8.66 × 10#@ − 0.5 × (−2.36 × 10#7)

1.5
 

∴ 𝒖𝟑 = 𝟏. 𝟑𝟔 × 𝟏𝟎#𝟒	𝐦 = 𝟎. 𝟏𝟑𝟔	𝐦𝐦 

[1 mark] 

 

(d)  

From matrix equation: 

𝐹+ = −200 × 10&𝑢$ = −𝟐𝟕𝟐𝟖𝟎	𝐍 

[2 marks] 

𝑭𝟐 = 𝟎	𝐍 

[1 mark] 

𝐹@ = 200 × 10#& × (−0.5𝑢$ − 0.5𝑢7) = 𝟏𝟎𝟎𝟎𝟎	𝐍 

[2 marks] 

𝑭𝟔 = 𝟏𝟎𝟎𝟎𝟎	𝐍	 

(equation identical to that for 𝐹@) 

[1 mark] 
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6.  

(a)  

 

[3 marks] 

 

(b)  

 

[3 marks] 

 

 

s1

s2
22

221
2
1 ysssss =+-

:Mises von

Tresca 
þ
ý
ü

=
=

y

y

ss
ss

2

1

sy

sy

-sy

-sy

 Tresca
î
í
ì

-=
-=

y

y

ss
ss

2

1
ysss =- 21 :Tresca 

ysss =- 12 :Tresca 

s1

s2
22

221
2
1 ysssss =+-

:Mises von

Tresca 
þ
ý
ü

=
=

y

y

ss
ss

2

1

sy

sy

-sy

-sy

 Tresca
î
í
ì

-=
-=

y

y

ss
ss

2

1
ysss =- 21 :Tresca 

ysss =- 12 :Tresca 

s1

s2

s3

)321 sss ==(
axisc Hydrostati

(Tresca) criterion
 stress shear Maximum

Mises) (von criterion
densityenergy  alDistortion

s1

s2

s3

)321 sss ==(
axisc Hydrostati

(Tresca) criterion
 stress shear Maximum

Mises) (von criterion
densityenergy  alDistortion
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(c)  

 

[3 marks] 

 

(d)  

𝜏 =
𝑇𝑟
𝐽

 

𝐽 =
𝜋𝑟7

2
 

𝜎J =
𝑀𝑦
𝐼

 

𝐼 =
𝜋𝑟7

4
 

Where: 

𝑦 = 𝑟 

[2 marks] 

Therefore: 

𝜏 =
16000
𝜋𝑟$

 

𝜎J =
16000
𝜋𝑟$

 

 

s1

s2

s3

)321 sss ==(
axisc Hydrostati

plane Deviatoric

plane Deviatoric

B C

A

0

D

s1

s2

s3

)321 sss ==(
axisc Hydrostati

plane Deviatoric

plane Deviatoric

B C

A

0

D
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Mohr’s Circle: 

𝐶 =
𝜎J
2
=
8000
𝜋𝑟$

 

𝑅 = JK
𝜎J
2
L
%
+ 𝜏=8%  

 

For Tresca 𝜏<3= = 𝑅 = 100	MPa at yield (including S.F) 

[2 marks] 

 

Therefore: 

(100 × 10&)% = M
8000
𝜋𝑟$ N

%
+ M

16000
𝜋𝑟$ N

%
 

∴ 100 × 10& =
17888
𝜋𝑟$

 

∴ 𝑟 = J 17888
100 × 10&𝜋

#
= 𝟎. 𝟎𝟑𝟖𝟓 m = 𝟑𝟖. 𝟓	mm 

[4 marks] 

For von Mises 

𝜎8% = 𝜎+% − 𝜎+𝜎% + 𝜎%% 

[2 marks] 

at yield (for a plane stress case), which can be interpreted as: 

𝜎8% = (𝐶 + 𝑅)% − (𝐶 + 𝑅)(𝐶 − 𝑅) + (𝐶 − 𝑅)% 

∴ 𝜎8% = 𝐶% + 3𝑅% 

 

yield stress is 200	MPa (including S.F),  

[2 marks] 

Therefore: 

(200 × 10&)% = M
8000
𝜋𝑟$ N

%
+ 3 × M

17888
𝜋𝑟$ N

%
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∴ 200 × 10& =
31999
𝜋𝑟$

 

∴ 𝑟 = J 31999
200 × 10&𝜋

#
= 𝟎. 𝟎𝟑𝟕𝟎𝟕	m = 𝟑𝟕. 𝟎𝟕	mm 

[4 marks] 

Alternative notation: 

𝜎+ = 𝐶 + 𝑅 =
8000
𝜋𝑟$

+
17888
𝜋𝑟$

=
25888
𝜋𝑟$

 

𝜎% = 𝐶 − 𝑅 =
8000
𝜋𝑟$

−
17888
𝜋𝑟$

= −
9888
𝜋𝑟$

 

 

𝜎8% = M
25888
𝜋𝑟$ N

%

− M
25888
𝜋𝑟$ N M

−9888
𝜋𝑟$ N + M

−9888
𝜋𝑟$ N

%
 

∴ 𝜎8% =
1.024 × 10K

𝜋𝑟&
 

 

200 × 10& =
31999
𝜋𝑟$

 

∴ 𝑟 = J 31999
200 × 10&𝜋

#
= 𝟎. 𝟎𝟑𝟕𝟎𝟕	m = 𝟑𝟕. 𝟎𝟕	mm 


